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520. 


ON THE CENTRO-SURFACE OF AN ELLIPSOID. 


{From the Transactions of the Cambridge Philosophical Society, vol. x11. Part 1. (1873), 
pp. 319—365. Read March 7, 1870.] 


THE Centro-surface of any given surface is the locus of the centres of curvature of 
the given surface, or say it is the locus of the intersections of consecutive normals, (the 
normals which intersect the normal at any particular point of the surface being those 
at the consecutive points along the two curves of curvature respectively which pass 
through the point on the surface). The terms, normal, centre of curvature, curve of 
curvature, may be understood in their ordinary sense, or in the generalised sense 
referring to the case where the Absolute (instead ~of being the imaginary circle at 
infinity) is any quadric surface whatever; viz. the normal at any point of a surface is 
here the line joining that point with the pole of the tangent plane in respect of the 
quadric surface called the Absolute: and of course the centre of curvature and curve 
of curvature refer to the normal as just defined. 


The question of the centro-surface of a quadric surface has been considered in the 
two points of view, viz. 1°, when the terms “ normal,” &c. are used in the ordinary sense, 
and the equation of the quadric surface (assumed to be an ellipsoid) is taken to be 
= tee; 2°, when the Absolute is the surface X?+ Y?+7°+ W*=0, and the 
equation of the quadric surface is taken to be aX?+ BY*+Z*+6W?=0: in the first 
of them by Salmon, Quart. Math. Jour. t. 11. pp. 217—222 (1858), and in the second by 
Clebsch, Crelle, t. LXII. pp. 64—107 (1863): see also Salmon’s Solid Geometry, 2nd Ed. 
1865, pp. 148, 402, &c. In the present Memoir, as shown by the title, the quadric 
surface is taken to be an Ellipsoid; and the question is considered exclusively from the 
first point of view: the theory is further developed in various respects, and in particular 
as regards the nodal curve upon the centro-surface: the distinction of real and 
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imaginary is of course attended to. The new results suitably modified would be 
applicable to the theory treated from the second point of view; but I do not on the 
present occasion attempt so to present them. 


The Ellipsoid ; Parameters E, », &. Art. Nos. 1—6. 


1. The position of a point (X, Y, Z) on the ellipsoid 


= Yp "ha 


Turari 


may be determined by means of the parameters, or elliptic coordinates, ¢, ņ; viz. these 
are such that we have 
X? lá: 4 
e+e Rae T 
Xe ye Z: 
e+ tn +n 


or, what is the same thing, &, 7 are the roots of the quadric equation 


xX? y? 2 l 
aru Pro Pro 


(In its actual form this is a cubic equation, but there is a root v=0, which is 
to be thrown out, and the quadric equation is thus 
v? 
+u(a2?+b?'+c?— X- Ye- 72) 
+ [Le + ea + ab — (b+ e) X- (et a) Y lH d) I 


or putting 5 
=@+b?4+c, 
Q = þe + ca? + abe, 
R=a’'b'e’, 


the equation is 
vitu(P—-X?- Y?-27)+Q-(b +e) X*-(@+a*) Y- e +8) 2=0.) 


2. It is convenient to write throughout 


b- =S= a; 
c— v= B, 
a — b= y, 


(whence a+ B+ y=9). 
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As usual, a is taken to be the greatest and c the least of the semi-axes; we have 
thus a, y each of them positive, and 8 riegative, =—’ where 8’ is a positive quantity 
=a+y. <A distinction arises in the sequel between the two cases a?+c?>2b? and 
a’?+c?< 2b, but the two cases are not essentially different, and it is convenient to 
assume a?+c?>2b*, that is, a®—b?>b?-—c? or y>a, say y—a positive. The limiting 
case a?+c?= 2b? or y=a requires special consideration. 


3. We have 
— By X? =a? (a? + E) (a? +n), 


— ya Y= b(b + £) (b+), 
—aB ZP =P (E +E) (e +n). 
It is in fact easy to verify that these values satisfy as well the equation of the 


ellipsoid as the assumed equations defining the elliptic coordinates £, 7 We may also 


obtain the relations 
X+ Ye +Z =e be EHnN, 


OX? +BY + CZ? =at+ btt + be? + ca? ab + (a b c) (EHn) + En. 
These, however, are obtained more readily from the equation in v, viz. the roots 
thereof being £, 7, we have 
—&-n=04+Rh+0-— X TYO A, 
En = PE + ea + ab — (b? +e) Xe (e +a) Ye (+b) Z, 
which lead at once to the relations in question. 


4, Considering & as constant, the locus of the point (X, Y, Z) is the intersection 
of the ellipsoid with the confocal ellipsoid 


@+E B+E +E | 
viz. this is one of the curves of curvature through the point; and similarly considering 


m as constant, the locus of the point is the intersection of the ellipsoid with the con- 
focal ellipsoid 


23 


Xe pe Z2 


. 
? 


viz. this is the other of the curves of curvature through the point. 


5. If instead of £ and » we write h and k, we may consider h as extending 
between the values — a°, — b, and k as extending between the values — b, — œ. 


h=const. will thus give the series of curves of curvature one of which is the 
section by the plane X=0, or ellipse semi-axes b, c; say this is the minor-mean 
series. In particular h=—a? gives the ellipse just referred to; and h=—6*, or say 
h=— b — e, gives two detached portions of the ellipse semi-axes a, c; viz. each of these 
portions extends from an umbilicus above the plane of æy, through the extremity of 
the semi-axis a, to an umbilicus below the plane of zy. 
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And in like manner k= const. gives the series of curves of curvature one of which 
is the section by the plane Z= 0, or ellipse semi-axes a,b; say this is the major-mean 
series. In particular k=—c? gives the ellipse just referred to; and k=—6’, or say 
k=— b +e, gives the remaining portions of the ellipse semi-axes a, c; viz. these are 
two portions each extending from an umbilicus above the plane of wy, through the 
extremity of the semi-axis c, to an umbilicus above the plane of ay. 


The ellipse last referred to may be called the umbilicar section, the other two 
principal sections being the major-mean section and the minor-mean section respectively. 


In the limiting case h=k=—6?, we have the umbilici, viz. these are given by 
ae ee, a, ae eS 
oe = B , Y= 0, e = B . 


The two series of curves of curvature cover the whole real surface of the ellipsoid ; 
so that at any real point thereof we have E= h, ņn= k, or else =k, n=h, where h, k 
are negative real values lying within the foregoing limits —a, -b and -b, —¢ 
respectively. But observe that & ņ taken separately may each extend between the 
limits — a’, — œ. 


6. Suppose &=7, the equation in v will have equal roots, or the condition is 
(P — X- Y?- Zf =4{Q-—(B + e) -e+ a) Y- (a +b) 2}, 


viz. this surface by its intersection with the ellipsoid determines the envelope of the 
curves of curvature. This envelope is in fact a system of eight imaginary lines, four 
of them belonging to one of the systems of right lines on the ellipsoid, the other four 
to the other of the systems of right lines. For in the values of X’, Y*, Ze writing 
n= & we find 


tV- =a +8, 


V qa FaP +E, 
VTA tae +e 


or representing for shortness the left-hand functions by +X’, + Y’, +Z, the eight lines 
are 


tere a ae y ET 
Pta Yi 2y S Y T 
dita Pee e e 
a?+£=-X'| = a kopak 
epee e n her yy EEE A 
kea Pa Aei nN a eos) arco 


www.rcin.org.pl 


320 ON THE CENTRO-SURFACE OF AN ELLIPSOID. [520 


so that in the two tetrads each line intersects the four lines of the other tetrad, but 
it does not intersect the remaining three lines of its own tetrad. The intersections 
are four points corresponding to £=- a°, being the imaginary umbilici in the plane 
X=0: four to = -— b, being the real umbilici in the plane Y=0: four to €=—c’, 
being the imaginary umbilici in the plane Z=0: and four corresponding to =o, which 
may be called the umbilici at infinity (*). 


Sequential and Concomitant Centro-curves. Art. No. 7. 


7. Consider any particular curve of curvature; the normals at the several points 
thereof successively intersect each other in a series of points forming a curve; and we 
have thus, corresponding to the particular curve of curvature, a curve on the centro- 
surface, which curve may be called the sequential centro-curve. Again the same normals, 
viz. those at the several points of the particular curve of curvature, are intersected, 
the normal at each point by the consecutive normal belonging to the other curve of 
curvature through that point; and we have thus, corresponding to the particular curve 
of curvature, a curve on the centro-surface, which curve may be called the concomitant 
centro-curve. If instead of a single curve of curvature we consider the whole series, 
say of the major-mean curves of curvature, we have a series of major-mean sequential 
centro-curves, and also a series of major-mean concomitant centro-curves; and similarly 
considering the series of the minor-mean curves of curvature we have a series of 
minor-mean sequential centro-curves anc also a series of minor-mean concomitant 
curves; the configuration of the several curves will be discussed further on, but it may 
be convenient to remark here that the centro-surface may be considered as consisting 
of two portions, say, 


(A) locus of the major-mean sequential centro-curves; and also of the minor-mean 
concomitant centro-curves ; 


(B) locus of the minor-mean sequential centro-curves, and also of the major-mean 
concomitant centro-curves. 


Investigation of expressions for the Coordinates of a point on the Centro-surface. 
Art. Nos. 8 to 13. 


8. Consider the normal at the point (X, Y, Z). Taking in the first instance 

(æ, y, z) as current coordinates, the equations are 
a—-X y—-Y_ 2-Z 
a: ee PP 
a? b? g 


, =A suppose, 


1 According to Salmon, Solid Geometry, [2nd Ed. 1865], p. 229, the number of umbilici for a surface of 
the nt" order is =n (10n*-25n+16); viz. for n=2, this is =12, as in the ordinary theory, not recognizing 
the umbilici at infinity. But whether properly umbilici or not, the 4 points which I call the umbilici at 
infinity do in the present theory present themselves in like manner with the 12 umbilici. 
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or, what is the same thing, 


b)? 5 


2=X(1+%), y=¥(1+%) 2=Z(1+4). 

Suppose now that the normal meets the consecutive normal, or normal at the 
point X+dX, Y+dY, Z+dZ; and let æ, y, z belong to the point of intersection of 
the two normals; we must have 


0=dX(1+ a)i, 


a? 
O=d¥ (1+5) + p d 


0=dZ (1+ DEET 


which determine the direction of the consecutive point; the equations in fact give 


die gar’ BEAT 

a a 

dY: ¥ 

ar, BB 

dZ Z 

gre 

or, what is the same thing, 

O=| adX, dX, X |, 

BdY, dY, Y 

dZ, dZ, Z 


which is the differential equation of the curve of curvature. This equation must 
therefore be satisfied by taking for X+dX, Y+dY, Z+dZ, the coordinates of the 
consecutive point along either of the curves of curvature,—say along that which is 
the intersection with the surface 


As Ae a 


PEG T oy i 
9. To verify this, observe that we then have 
XdX | YdY | ZdZ_ 0 


a? ete 
XdX , VdY Zao. 
+n +n +y ’ 


or, what is the same thing, 


AdX : YAY : ZdZ =æ (æ +n)a : P(n) : C(C+)¥. 
©: VIIL 41 
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But from the equations — ByX? =a? (a? + E) (a? + n) &c., these become 


xX? Ye 2 
XdX : YdY : ZdZ= Fe ‘RHE’ FFE’ 
or, what is the same thing, 


R aan dE y SRE aN 


PHE PHE CHE 


and, substituting these values in the determinant equation, it becomes 


ri XYZ Wy dy Bot, 
@+HE+HCFH |p, 1, wae 
oy ee ee ns 


which is identically true, since evidently the determinant vanishes. 


10. Proceeding with the solution, we have from the three equations 


XadX  YaY Zaz ep 2 
a a ~)+ +a (7 tate 3) =o 


XdX + YdY + Zaz +y (= 


and observing that from the equation 
Xe + F+ =074+Ph4+C+E+7, 
considering therein 7 as constant, we have 


XdX + VAY + ZdZ =} dé, 
the equation becomes 


$d&+dr=0; 
and the three equations then are - 
A X 
0=dX (1 + z) -45 dE, &e, 
or say 
0= dX (a?+r)—4Xd£, &e. 


But from the equation —PyX*=a?(a?+&)(a?+7), considering therein 9 as a 
constant, we have 
dX _ 3d& 
=: =+ +E’ 
and the equations thus become 
a@ +A 


0= aE i &e., 


viz. these are all satisfied if only X= £. 


11. The coordinates of the point of intersection of the two normals thus are 


o=X(1+2), i y(1+#), 2=Z (1+ §), 
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or squaring, and substituting for X?, &c., their values as given by 


-BX =a (a? + E) (a +n), &e., 

the equations become 

— By a = (a? + E) (a° +n), 

— ya by? = (b° + E (è +n), 

— a8 è? =(? + EP (è + n), 
viz. these equations give (æ, y, 2) the coordinates of a point on the centro-surface, the 
intersection of the normal at the point (X, Y, Z) of the ellipsoid, (determined by the 
parameters £, n), by the normal at the consecutive point along the curve of curvature 

K K? Z 
efn Ptn etn 


> 


or say ņ is the sequential parameter (’). 


Of course by interchanging £ and 7 we should obtain the coordinates of the point 
of intersection of the normal at the same point (X, Y, Z) by the normal at the con- 
secutive point along the other curve of curvature: & being in this case the sequential 
parameter. 


12. I stop for a moment to consider the foregoing two equations 
A=, dr=—4Fd, 


which at first sight appear inconsistent. But observe that in the foregoing solution 
A is the parameter of the point (a, y, z) of the centro-surface considered as a point 
on the normal at (X, Y, Z); %+dA is the parameter of the same point considered as 
a point on the normal at the consecutive point (X+dX, Y+dY, Z+dZ): the value 
~+drx=£+dE would belong to a different point, viz. the consecutive point of the 
centro-surface considered as a point on the consecutive normal—wherefore the dà of 
the solution ought not to be =d&. In further explanation, observe that the equations 


A 
a= X (1+ ~), &c. where A = é, 
if we pass from (a, y, z) to the consecutive point on the centro-surface, give 
AN. Ae 
do = dX (1+~) +5 d$; 
but since by what precedes, 
A X 
0=4X (1 +x )-45 dé, 
this is 
X 
dx = 3 a dé. 


1 The expressions are given in effect, but not explicitly, Salmon, p. 143. 


41—2 
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Or since 


this is 


and similarly 


which are the correct values of dx, dy, dz as derived from the equations 


— Byar = (a? + EF (a? + n), &e. 


ax = X (a? + E), 


dæ _, a 
m 2 a+’ 
dy_, d£ 
DEAE 
ds _,_df 
ef Ost &! 


[520 


13. The equations — Brya*a* =(a? + EY (a? + n), &c. give expressions for the coordinates 
{x, y, 2) of a point on the centro-surface in terms of the two parameters (E, 7): the 
elimination of (£, n) from these equations will therefore lead to the equation of the 
surface; but the discussion of the surface may also be effected by means of these 
expressions for the coordinates in terms of the two parameters. 


Discussion by means of the equations — Brya*a® = (a? + EF (a? + n), &c. ; Principal Sections, cc. 


Art. Nos. 14 to 24 (several subheadings). 


14. To fix the ideas consider the section of the surface by the plane z=0; we 
have in the surface z=0, that is, =— œ, or else »=—c’, values which give respectively 


— Byars? = — B* (a? + n), 
a (© +7); 


— yaby? = 


or, what is the same thing, 


a +n, y= (a+ EF, 


s arr apia A AE 6 tc he 3 


which is the equation of an ellipse. 


The second set gives 


or in a rationalised form 


(ax)? + (by) =, 


(aa? se by? phe yy L 27a byay? =0, 


which is the equation of an evolute of an ellipse. 
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15. The ellipse aa + oy =1 is a cuspidal curve on the surface, and the section 


e 


by the plane z=0 is hia made up of this ellipse counting three times, and 
of the evolute; it is therefore of the twelfth order; and the order of the surface is 
in fact = 12. 
2 y2 

It is clear that the section of the centro-surface arises from the section — + a a; 
viz. the normal at any point of this ellipse lies in the plane Z=0, ap its inter- 
section by a normal at the consecutive point of the ellipse gives a point of the 
evolute; the evolute being thus the sequential centro-curve of this section: the inter- 
section by the normal at the consecutive point on the other curve of curvature gives 


a point on the ellipse sea + ey =1, which ellipse is therefore the concomitant centro- 


2 
curve. Observe that this other curve of curvature cuts the ellipse = Fpa l at 


right angles, and that the normals at the consecutive points above and below the 

point on the ellipse will meet each other and also the normal at the point of the 
2 2 : 

same ellipse at the point on the ellipse ate i =1: this shows that the last- 


mentioned ellipse is a cuspidal curve on the aiaia 
16. The three principal sections of the centro-surface are consequently 


2 g 
2=0, Pegi g , and (by)? + (cz) =a; 


Ff Sba : 
2 2, 
y=0, ZP 1, and (oz)! + (a)i = ft; 
2 y 
7 =0, te =. and (as)? + (by)! =; 


viz. each section is made up of an ellipse counting three times and of an evolute 
(of an ellipse). I have for shortness represented the three evolutes by their irrational 
equations. It will presently appear that the section (imaginary) by the plane infinity 
is of the like. character. 


17. Considering only the positive directions of the axes, we have on each axis 
two points, viz. 


axis of 7, £= ie on 8; 
: a 
axis of y, y= py = %3 
axis of z, be plo A= £: 
c c 
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through each of which, in the two different planes through the axis respectively, there 


passes an ellipse and an evolute. In the assumed case a*+c?>2b6*, the disposition of 
the points is as shown in the figure. 


[=~ 


Plane of wz, evolute is outside ellipse, 
YZ, i inside ti 
TY, » cuts » 3 


but in the contrary case a?+c?< 2b’, the disposition is 


Plane of wz, evolute is outside ellipse, 
Yz, as cuts i 
xy, » is inside PE 


there is no real difference, and to fix the ideas I attend exclusively to the first-mentioned 


case 
a? + c? > 2b 


18. In each of the principal planes, the evolute and ellipse, quà curves of the 
orders 6 and 2 respectively, intersect in twelve points, 3 in each quadrant; viz. of 
the 3 points two unite together into a twofold point or point of contact, and the 
third is a point of simple intersection; assuming for the moment that this is so, the 
figure at once shows that in the plane of æz or umbilicar plane the contact is real, 
the intersection imaginary; in the plane of æy, or major-mean plane, the contact is 
imaginary, the intersection real; but in the plane of yz or minor-mean plane the 
contact and intersection are each imaginary. The contacts arise, as will appear, from 
the umbilici of the ellipsoid, and may be termed “umbilicar centres,” or “omphaloi ;” 
the simple intersections “points of outcrop,’ or simply “outcrops.” By what precedes 
there are in the umbilicar plane, four real umbilicar centres (in each quadrant one) ; 
and in the major-mean plane four real outcrops (in each quadrant one); the other 
umbilicar centres and outcrops are respectively imaginary. 
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19. The surface consists of two sheets intersecting in a nodal curve connecting 
the outcrop with the umbilicar centre. As to the form of this curve there is a cusp 
at the outcrop; and the curve does not terminate at the umbilicar centre but, on 
passing it, from crunodal becomes acnodal (viz. there is no longer through the curve 
any real sheet of the surface): moreover the curve is not at the umbilicar centre 


perpendicular to the plane of wz, and there is consequently on the opposite side of 
the plane a symmetrically situate branch of the curve, viz. the umbilicar centre is a 
node on the nodal curve. Completing the curve, the nodal curve -consists of two 
distinct portions, one on the positive side of the plane of yz or minor-mean plane 
consisting of two cuspidal branches as shown in the figure; the other a symmetrically 
situate portion on the negative side of the minor-mean plane. 


Intersections of Evolute and Ellipse. 


20. Consider in the plane of æy the ellipse and evolute, 


2 
= + z =1, (œa + by? — pF + 279'a*b'a*y? = 0. 
First, these are satisfied by 
Va? = — E x | 
y Coordinates of Umbilicar centres in plane of æy (imaginary), 
by ai È, j 
Y 


viz. the equations respectively become 
B_a B+ a 
—— — m | —- — + 27038? = 0, 
5 Fy i À Y v) 
the first of which is a+8+y=0, and the second is (œ + 8+ yY -— 21y =0. But 


the equation a+8+y=0 gives œ +6 +y = 3aßy, and the two equations are thus 
identically satisfied. Moreover the condition for a contact is at once found to be 


B? [(a2a? + by — yy)? + 9nb2y?] = a? [(a2a? + by? — 9°)? + Inara”), 
or, what is the same thing, 
(a? — B°) (a?a? + by? — f°} + Io? (aa — °y) = 0; 
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and substituting the foregoing values, this is 
a’ — a8 + a? 
(a? — B?) 6.8 AO S i tet a 
; 7 Y 
that is, 
a — B? 

E (+ B+ 7) + 9y (a-b) =0, 
which, putting therein a+ @=-—y, and a? + 8+ y = 3aßy, is also satisfied; that is, the 
points in question are points of contact of the ellipse and evolute. 


21. Secondly, consider the values 


a? = — Be (124) i 
i a F Coordinates of outcrops in plane of æy (real). 
TANN- = 
by =- (F53). 


Substituting in the equation of the ellipse, we have 


a (B — y} +B (y —af+ y(a-— pF =0, 
which is 


(B—y)(y—a)(a— 8) (a+ 8 +y)=0, 


or the equation is satisfied identically: «nd substituting in the equation of the evolute, 


we have first 
aa? + by? — y= — æ (B-yF+ Pa- Jira -A 


which in virtue of a(B—y)+B(y—a)+y(a—8)=0 becomes 
_3aBy (B-V) (y-a) (a -8) 


wa? + by? — y= y (a -BF 
__ 3a8 (B-¥) (y-a) 
(a — BY i 


and then, completing the substitution, it is seen that the equation of the evolute is 
also satisfied. The points last considered are simple intersections, and we have thus the 
complete number (8+ 4, = 12) of the intersections of the evolute and ellipse. 


22. We have a, y positive, 8 negative; whence a—8 is positive, B—y negative; 
y — a(= a?+c?— 2b) is positive, and hence, the outcrops in the plane of zy are real; the 
umbilicar centres are imaginary for this plane, but real for the plane of zæ, the coordinates 
being 


Ce =- a ; 
Coordinates of Umbilicar centres in plane of «xz (real). 
en? = ——, 
B 
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Nodes of the Evolute. 


23. The Evolute is a curve with four nodes, all of them imaginary; -viz. for the 
evolute in the plane of wy, the equation of which is 


aa? + by? — yY + Taby = 0, 
LTY = y 


these are 
ara? = ee, : ; : : 
me , 7 Coordinates of Nodes of evolute in plane of sy (imaginary), 
vin ent? 


in fact these values satisfy as well the equation of the evolute, as the two derived 
equations 

bale [(@x? + by? en yY i Ory*b? y?| — 0, 

6b2y [(a2a? + by? — y} + 9yaa] = 0, 
or the points in question are nodes of the evolute. 


The evolute has the four cusps on the axes and two cusps at infinity, in all 
6 cusps as just mentioned; it has 4 nodes: and the order being 6, the class is ` 


30 — 2.4- 3.6, =4. 


Section by the plane infinity. 


24. The surface itself is finite, and the section by the plane infinity is therefore 
imaginary; but by what precedes the nodal curve must have real points at infinity, 
viz. there must be real acnodal points on this imaginary section. The section by the 
plane infinity resembles in fact the principal sections; viz. writing successively £=% , 
and n=, we have 


— Bywa? : —yab*y? : — aBer =a +N : BHn: C+ 
=(@œ + Ey : (+ EP : (P+ EF, 


or 


giving respectively 
ata? + by? +c?2?=0, and (aas)? + (bBy)' + (cyz)? = 0, 
where the first equation represents an imaginary conic which counts three times; and 
the second equation, the rationalised form of which is 
(aaa? + PRY + eyer- 27 a*b'c?a? aye = 0, 


an imaginary evolute. The conic and evolute have four contacts and four simple inter- 

sections (in all 4.2+4=12 intersections) which are all of them imaginary. But the 

evolute has four real nodes (acnodes) œa? = b?8?y?=c*y"z?; or, what is the same thing, 

there are four real lines aaa? = b?8*y? =c*y*z*, which are respectively asymptotes of the 

nodal curve: viz. inasmuch as the equation of the surface contains only the squares 
©: VEL 42 
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2, y?, 2, the lines in question will be not merely parallel to, but will be, the 
asymptotes of the nodal curve. 

The plane infinity may be reckoned as a principal plane, and we may say that in 
each of the four principal planes there are four umbilicar centres, four outcrops, and four 
evolute-nodes. 


The generation of the surface considered geometrically. Art. Nos. 25 to 28. 


25. I have deferred until this point the discussion of the generation of the 
centro-surface by means of the centro-curves, for the reason that it can be carried on 
more precisely now that we know the forms of the principal sections and of the nodal 


Z 


curve. The two figures exhibit (as regards one octant of the surface) the portions 
already distinguished as (A), and (B): they intersect each other in the nodal curve, 
shown in each of the figures. 

26. Consider first the generation of the portion (A) by means of the major-mean 
sequential centro-curves. The major-mean curves of curvature (attending to those below 
the plane of sy) commence with a portion (extending from umbilicus to umbilicus) of 


the ellipse e+ Se 1, this may be termed the vertical curve, and they end with the 
2 
whole ellipse ie =1, which may be termed the horizontal curve. The normals at 


the several points of the vertical curve successively intersect along a portion (terminated 
each way at an umbilicar centre) of the evolute in the plane of æz or umbilicar 
plane; viz. this portion of the evolute, shown fig. (a), is the sequential centro-curve 
belonging to the vertical curve of curvature. The curve of curvature is at first a 
narrow oval surrounding the vertical curve; the corresponding form of the sequential 
centro-curve is at once seen to be a four-cusped curve as in fig. (b), and which we 
may imagine as derived from the curve (a) by first doubling this curve and then 
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opening out the two component parts thereof: the two upper cusps of the curve (b) 
are situate on the yz-ellipse of the centro-surface, and the two lower cusps upon two. 
detached portions respectively of the «z-ellipse of the centro-surface. And as the curve 


(a) 


of curvature gradually broadens out and ultimately coincides with the XY-section of 
the ellipsoid, the four-cusped curve continues to open itself out, and ultimately coincides 
as shown figure (c) with the ay-evolute of the centro-surface, viz. this evolute is the 
sequential centro-curve belonging to the horizontal curve of curvature or X Y-section 
of the ellipsoid. The successive sequential curves are also shown (so far as regards 
an ortant of the surface) in the figure (A). 


27. We consider next the generation of the portion (B) by means of the major- 
mean concomitant centro-curves. Starting as before with the vertical curve of curvature, 
the concomitant centro-curve is a finite portion (terminated each way at an umbilicar 
centre) of the æz-ellipse of the centro-surface. As the curve of curvature opens itself 
out into an oval, the concomitant centro-curve in like manner opens itself out into 
an oval, the two further vertices thereof situate on two detached portions of the 
xz-evolute of the centro-surface, and the two nearer vertices on the yz-evolute of the 
central surface. And as the curve of curvature continues to open itself out, and 
ultimately coincides with the horizontal curve or XY-section of the ellipsoid, so the 
concomitant centro-curve continues to open itself out and ultimately coincides with the 
xy-ellipse of the centro-surface. The successive forms (so far as relates to an octant 
of the surface) are shown in the figure (B). We have in each case attended only to 
the curves of curvature below the plane of sy, and the corresponding centro-curves 
above the plane of ay, but of course everything is symmetrical as regards the two 
sides of the plane. 


28. There is a precisely similar generation of the portion (A) by the minor-mean 
concomitant centro-curves, and of the portion (B) by means of the minor-mean sequential 
centro-curves. 

42—2 
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The Nodal Curve. Art. Nos. 29 to 60. 

29. If two different points on the euipsoid correspond to the same point on the 
centro-surface, this will be a point on the Nodal Curve: the conditions for this if 
(E, n), (&, m) are the parameters for the two points on the ellipsoid, are obviously 

(P+ EF (œ + n) = (œ + £} (aè +m), 
(b + EP (8 + n) = Œ + £) ( + m), 
(2 EEE + N= RENO +m); 
these equations in effect determine 7 as a function of £, so that the equations 
— Pya’ = (a? + EF (a? + n), Ke. 
then determine the coordinates (a, y, z) of a point on the Nodal Curve in terms of 
the single parameter &. 


The relation between ¢ and ņ would be obtained by eliminating &, m from the 
foregoing equation: but it is easier to eliminate » and m, thus obtaining between 
&, and E a relation in virtue of which £ may be regarded as a known function of 
E; » and m, can then be expressed in terms of &, &, so that each of these quantities 
will be in effect a known function of £&(). 


30. The relation between &, &, is in the first instance given in the form 
eiet- (Eyi (+H, (+8) |=0. 
B(P+Es-(H +E), (+E), (+ &) 
ONE +E- (E+E (C+E (CHEY 
Throwing out a factor (£—&,)?, this becomes 
> [a [Bat +30 (E+ E) + & + EE + E) - 
x (b-c). (1, 1, 190+ E) (e+), C+H(C+H)1=9, 


where the left-hand side is a symmetrical function of & & vanishing for €=€, and 
therefore divisible by (E—£&,)?; it is also divisible by A, = (b? — œ) (£ — a?) (a? — b?) (= aBy). 
To work this out, write E+ & =p, &&,=gq, the equation may be written 


= (b -— e)a 3a4 3btc! ETIN 
+ 3a?p - + 3b (b? + c*) p 
PP =g +(h+e4)(p*—9) 
+ be (p? + 8q) 
+ 3 (+ ¢*) pq 
+ 3¢° 
where the left-hand side divides by A (p?— 4q). 


1 This was my first method of solution; and I have thought the results quite interesting enough to 
retain them—but it will appear in the sequel that I have succeeded in expressing ¢, n, 1, m, in terms of a 
single parameter o. 
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31. Developing and reducing, and omitting this factor, the final result is 


6R + 3Qp + P (p?+2q) + 3pq = 0, 
where as before P, Q, R denote a?+b?+c?, bc? + ca? + atb, abe, respectively ; that is, 


6A + 3Q (E+ &)+ P(E + 46, + Er) + 3(E + £) EE = 0, 


or, as this may be written, 


6R + 3QE + PE 
+ é (8Q + 4PE + 3&) 
+&2(P + 3& )=0, 
viz. the parameters £, £, have a symmetrical (2, 2) correspondence. 
32. From the equations (a? + EY (a+) =(a? + E} (a° +m), &c., we have 
S- e) (at + EP (a +n) — (a + (a? +m} = 0, 
X bre? (b?— e) (a +E) (aè +n) — (a +E, (a +m)} = 05 
and observing that the term in { } is 


a (3E + n -3&-— m) 
+ a (3E + 3& — 3E? — 3&m) 
+a ( &+3%n— Er- 382m) 
an ( En — ém), 
these are readily reduced to 
(BE + Oa BE, = M) P+ (3E gi 3én = 3&2 — 3EM) =0, 
(B3E+n- 361- m) R+ En — £ê, =0, 
or, what is the same thing, 
3 (E-E)(P +E+E)+n(P + 3&)—m (P +36)=0, 
3 (E-E) R +a (R+ &)—m(R+ &')=0, 
and if we hence determine the ratios 3(€—&) : » : m, the first of the resulting terms 
divides by &—&,, and we have 
ee m=—P(&@+ &,+&")+3R = 3£E, (E + &) 
: R (28, -§&)— &3(P+&+&) 
(25 6) =e" (P+ E+E). 


Hence observing that by the relation between &, £, the first term is 
=3 (PEE, + Q(E+ &) + 3R}, 


Lin: m=PEE,4+Q(F+6)4+3R 
: R(2E,-&)-&3(P+F+&) 
: R(E -£,)-& (P+ E+); 


the equations become 
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and we thus have 
_ 2 (28, — &) — &3(P + E+ &) 
PEL+Q(E+E)+3R ” 


which, considering £, as a given function of £E, gives ņ as a function of £. 


33. I write §+& =2x, §-&=2y, so that p=2x, g=x’—y*. The relation between 
E, & takes the form 
6 (R+ Qx + Px’— x*)—(6x + 2P) y*=0, 


or, what is the same thing, 
a EHAEO), 
x+4(@+8 40) ” 


so that taking x at pleasure and considering y as denoting this function of x, the 
values of & & belonging to a point on the nodal curve are =(x+y), &=(x—-y); 
and the value of ņ is then given as before. 


34. The form just given is analytically the most convenient, but there is some 


advantage in writing J5 ay. in the place of x, y respectively; viz. we then have 


y= SANZ) (x +PN2)(x +e?) 
x+ 4v2 (æ +b+e) 
where f= &+y), &=3-y), so that if (E, &) be taken as rectangular coordinates 
of a point in a plane, (x, y) will be the rectangular coordinates of the same point 
referred to axes inclined at angles of 45° to the first-mentioned axes respectively. 


35. The curve is a cubic curve symmetrical in regard to the axis of x, and haviag 
the three asymptotes, 


x=-—}4 (a+b +e)V2, y= + {x+} (a+b +e) V2), 
viz. these all meet in the point P the coordinates of which are 
x=—f(@+h+e)V2, y=0: 


moreover we have y=0 for the values x=-—a?N2, — V2, —c V2, that is, the curve 
meets the axis of x in the points A, B, C; the order in the direction of —x being 
C, B, P, A as shown in the figure: and with these data it is easy to draw the curve: 
the portion which gives the crunodal part of the nodal curve is that extending from 
B to the points Q; viz. at B we have £=£,=—b%, corresponding to the umbilicar 


3a8 


centre; and at Q, Q we have & or &,=-—c’, & or F=—- Ornate B’ corresponding to the 


outcrop. 
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36. The nodal curve passes through (I) the umbilicar centres, (II) the outcrops, 
(III) the nodes of the evolute. The geometrical construction led to the conclusion that 
the real umbilicar centre was a node on the nodal curve, and that the real outcrop 
was a cusp (the tangent lying in the principal plane). It will presently appear 
generally, as regards the several points real or imaginary, that the umbilicar centre is 
a node on the nodal curve, and the outcrop a cusp—the tangent at the outcrop 
being in the principal plane: as regards the node on the evolute this is a simple 
point on the nodal curve, and by reason of the symmetry in regard to the principal 


plane, the nodal curve will at this (imaginary) point cut the principal planes at right 
angles. Hence considering the intersections of the nodal curve by a principal plane, 
the umbilicar centre, outcrop and node of the evolute count respectively as 2 points, 
3 points and 1 point, and as for each kind the number is 4, the whole number of 
intersections is 4(2+3+1), =24 It may be shown that these are the only inter- 
sections of the nodal curve with the principal plane; and this being so, it follows 
that the order of the nodal curve is =24; which agrees with the result of a 
subsequent analytical investigation. 
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37. The umbilicar centres or points (I) belong to values such as £= ģ& =- a? 
which are the united values in the equation between (€, &), viz. writing herein & = £ 
the equation becomes 


(E + a?) (E +0) (E+c)=0, 


so that the united values are =£=—a’, —b? or —¢. (It may be remarked, that 
treating this cubic as a degenerate quartic, a united value would be E= é = œ, corre- 
sponding to the umbilicar centres at infinity.) 


To a value such as £=—a? there corresponds (not only the value &,=—a’, but 
also) a value &=—a?+ a , as it is easy to verify. And the outcrops or points (II) 


belong to such values €=—a’, &,=—a?+ e. 


And the nodes of the evolute or points (III) belong to values such as E= wb + °c’, 
£,=°b?+ wc? (w an imaginary cube root of unity) which, as it is easy to see, satisfy 
the relation between (E, &). But to complete the theory we require to have the values 
of n, m and also the coordinates of the points on the centro-surface, and of the two 
points on the ellipsoid. 


38. I exhibit the results first for the umbilicar centres (imaginary), outcrops 
(imaginary), and nodes of the evolute (imaginary), in the plane =0; secondly for the 
real umbilicar centres in the plane y=0 and for the real outcrops in the plane z=0. 
The formule contain an expression Q which is a symmetrical function of a, B, y 
(or a, b, c), viz. it is 


Q =0 — By = B— ya= f —aB =} (e +e y) =— (By + ya + ap). 


We have 
L EF=--a, n=; E=, m=. 
x = (), X,=0, 
ee xd Fian p, 
e PLL a d AAU mbili. 
Baade Zia—o8, 
a’ a 
Mines sO, 
by? = — a re 
a’ \ (Umbilicar centre). 
cz? = — 8 
a , 
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9ByQ 
IT. =—@ =Q zi, sai 
ER EET ay 
(e rara- mefye) 
he-at g L, Ma 
A =0, X, =0, 
TET A Lil BT pee ae | 
Ya = OIE Y, De Bop 
PE PES B (y — 4) Pee By -«% 
Be Oe (Bay) RoE ay 
Ellipse, concomitant. Ellipse, sequential. 
«= 0, 
b? r TERKA | 
a (B= y) 
O ; 
aS e (y-a) (Outcrop) 
a (B = 


: ii y? 2 d 
(Observe that at point Y,, Z of ellipse Sta 1, the coordinates of the centre: 
aY, aZe : wb Ml 
of curvature are y= BAP rar and it thence appears that this is the point in 


regard to which the ellipse is sequential.) 


Il. E=0b +w, n=- a’; E, =o? towe, m=- e. 


a 20, X,= 0, 
Y?=— bo’, Y: = -— bo, 
Z2 =- čo, Ze =- Co’, 
æ= 0, 
by = — a’, l (Node of evolute). 
Ce = — æ, } 


39. Observe that these are the only ways in which it is possible to satisfy the 


equations 
0 = (a + EP (@ + n)= (@ + E} (@ + m), 


viz. starting from this equation we have 


E, e+&=0, &+&,=0, 
Cc. VIII. 43 
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whence in the equations for n, m, substituting the values = &,=—a*, we have 
1:97: m=@P—20Q + 3R, 
: — ÆR +a! (P — 2a’), 
: — ÆR +a (P — 2a’), 
that is, 


1:n : m=—@By : By : ahy, 
or 
n=m=-— wv. 


40. II. a?+£=0 without a?+ é =0, consequently a° + m= 0; writing €=—a’, in 
the relation between (E, &,), this is 


6R + 3Q (£, — a) + P (EP — 40$, + at) — 30°F, (E +a) = 0, 
viz. this is 
£2 (+e — 2a) + é (—at— ab? — we? + 3b*c?) + a? (at — 20°? — 2a%c? + 30) = 0, 
where the left-hand side should divide by +a; the equation in fact is 
(£ +a) {&, (b +e- 2a*) + at — 207? — 2a*c* + 3b} = 0; 
or, what is the same thing, 
(é + a?) (E + a”) (B — 9) — 88y} =0, 


_3By 
i 


2 


41. Considering these values of & & as given, the verification of the value 


9ByQ . 
” =— a, and determination of 7 = — a? + ee § is somewhat complex. 


Writing for a moment A =— we have 


? 


38y 


l:n: m= P(at+@A)—Q(20?+A)+3R 
: — R(æ + 2A) — (æ + AF (læ -P +A 
: -R(æ@-— A)—a*(2a?— P+ A). 


The first term is 
aP —20°Q + 3R + A (a*P — Q), 


= —a’By + A (at — be); 
and for the value of m, proceeding to the third term, this is 


— œR — a (2@ — P) + A (R— aù), 


which is 


which is 
= atBy — aA (at — be) 


so that without any further reduction m= — @. 
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42. We have then 
_—R(a?+2A)—(a?+ AP (a -b -e+A) 
I= apy tha oey 
and I assume 


EVETT _ 9By 
y MEg Ty a 


and investigate the value of Q. 


We have 


— R (æ +24) — (a? + AF (æ — b — e + A), =4ßBy + AO, suppose. 


The equation therefore is 


339 


YY, 


aiBy + AO av 98y 
= aby + A (aA) * S 
that is, 
9By 
brn 4 — bc? Q {— By + A (at — be) = 0, 
AO aA (a PO) Te ap {— a By (a )} 
or writing ( g yT- <a a, ye omitting the factor A, and multiplying by (8-— 
this is 


(B — y} [O + a (at — Be*)} + 30 {—a°By + A (a8) = 0, 


in which equation 
© = — 2R — a’ — (3at+ 3a°A + A*)(a?— b — e + A), 
and thence 
© + a? (a‘— b’c?) = same + a? (at — be’), 
= — 3a! + 8a (b + c*) — 30b? 

+A {— 6a‘ + 3a? (b + e) 

+ A? (— 4a? + b+ c’) 

— A? 


= 3a*Bry + 3a°A (B — y) + A? (B — y — 20?) — A. 


43. Hence, substituting for A its value and multiplying by (8 — y), we have 


(8-9 {© + a (at Be) 


= 3a°Bry (B — y} — 9a°By (B — 7)? + IE (B — y — 2a”) (B — Y) + 278%, 


which is 


= — 6a*By (B - YF + IB (B — Y} — 18a°B?y? (B — y) + 21B; 


viz. this is 
= {— 6a? (B — y) + 9By} (8 — Y? + 38y} By, 
= {— 6a? (B — 7) + 9B} (B+ By + Y°) By, 
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and the equation thus is 


{— 2a? (B — Y) + 8By} (B+ By +Y) By + Q |- a’By — pa (at — ve} (8—y)=0, 
or finally 


Q {a? (B — 7) + 3 (at — be) = (— 2a? (B — y) + 38y) (B+ By +7’). 
But ¢ =a? + f, b?=a?—y, and hence at -— be = — a (B — y) + By, and therefore 
a? (B — Y) + 3 (at — b) = — 2a (B — y) + 38y; 
the equation thus divides by — 2a? (8 — y)+ 38y and we have 


OQ = 8 +By+ P, 


or, as this may also be written, Q =œ — By, = 8 — ya, =y°— aß. So that Q has the 
value originally so denoted, and we have then 


n=- a+ BBY Q. 


(8—7 


44, III. Lastly the equation 0= (a? + E} (a? + n)=(@ + &) (a° +m) is satisfied if 
a@+n=0, @+m=0: the equations 


(P+ EF (b + n) = (b + & (© + m), 


(e + EF (e +n) =( + EP (C+ m), 
then give 


Caa EP = (0 + fy, 
(P+ EP=(P+ HY, 

which can be satisfied by &=&,, leading to = £,=— a’, which is the case I., or else by 
+ E=a (+ &), 


e + E= a (C+ E), 
that is, 
E=0btow e, &,=)+ wc’. 


To show that these values satisfy the relation between é, &, observe that they give 


E+ &=-B-e, hsb beto, 


whence also 


E + 428, + E2=3 (b+ o’), 
and the relation becomes 


Gabe — 3 [a (b + c?) + be] (+ e) 
KE [a? + (b? +4 c”)] re (bt 4- ct) 9 (b? sji 0 (bt — pE + j = 0, 


which is an identity 
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45. I will show that these values of & & give the foregoing values n= m =—@. 


We have 
l:n-m: n+m= PEE + Q(E+E)+3R 
: (6 — &) {(8R -(E + £6, + E(P HE+) 
Sl : (6+6& { R-(@— bhth) (P + E+ E), 
this is 
l1:n-m:n+tm= ebe) : 06- E) : — 2w (+ c’), 
or 


n—=m=0, n+m= -— 2a; ‘that is, n= = — a. 


46. For the real umbilicar centres and outcrops we have 


T, £=- b, n = = b? £, = — b, m = — b. 
Raa, iaga 
Y=0, Kye 0, 
P=- eG, Z=- 
ge = — $, 
y=0, (real umbilicar centre). 
R 
dadi ; 
P E an 
II. E=- ø, y Ela ta- py 
— a) = 
(oe 9 ae TEN, 
&=— i +8, Mm =-— Cc, 
1 Nei BY th My Sith. 
Xe a aa By’ re a Er hy 
2 = a (B-) Papye Ry 
=e a= By ese hi 
Z=0, i ASN 
ellipse concomitant. ellipse sequential. 
__ RARA 
PA= y (a= By 
ude g — y} \ (real outcrop). 
y (a— BY 
z=0 
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Nodal curve in vicinity of umbilicar centre, aa? = -%. y=0, 2? =— S Art. Nos. 47 to 49. 


47. Write 
E=-P+q, Ibr, 


&=-P+q, m=-b+%, 


we have to find the relation between q, qu, r, rı; first for g, qa, the equation of 
correspondence gives 


6R 
+ 3Q (— 2b°+9+4%) 
+ P {6b‘— 60 (¢+m)+9+ 49m + 9} 
+3 {[- 2b +30 (q +q) — b (G+ 49m +g) +g (9+ H)} =9, 


that is, 
3 (q + q) (8b — 2P + Q) 
+ (P +q +4) (— 3b? + P) 
+ 39a (9 +H) = 9, 
viz. this is 


-3 (q + q) ay 
+ (P + 49q + 4’) (y — 2) 
+ 39m (¢+u)=9, 


whence approximately g+q@=0; but it will appear that the value is required to the 
second order; we have therefore 


+ q’) 


dhg 


ya 
48. Now the equations 
(œ+ E (a+ n) = (e+ EN ae H), and (P+ EF (e+ n) =(C +E) e +m), 


putting therein for £, n, &, m, their values, give the first of them 


} . 


r+3q-— Dy a (0+ 8g) + (° + 3q) =7, + 3a (nt +3q°)+ 9 


By s7 


and similarly the second equation 


r+ 3q te (e + 34°) +a L + 3) =r, + 3q, + F L in? + 39,7) + lr + 3q°); 
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whence multiplying by y, a, and adding, 
1 1 
(wta {r+3q+ Jay (8+ 30) } =(7 +8) [ntaa tgi (n+ qh, 
which, neglecting terms of the third order, is 
r+3q =r; + 3q. 
Subtracting the two equations we have 
ja | a? afi Ye OE l: 1 
(7+ 5) + 80) +(a p) C= (+2) ve +800) +4 (23) (nt + B00), 


viz. this is 


—*(r° + 3q°) = r? + 39+ 2 


r+ 3q?+ ki, — (rè + 3q;°), 


or, what is the same thing, 
r-r +3(e- =a -rt +3 (e-q) = 
which, putting therein r-—r,=-— 3 (q — q), is 


—r- n+gtate -A (- r- -m -ri +P +90 t+) 
say this is 


combining herewith 
r—1+3q—3¢, =0, 


we have 

r+q—2q,-A=0, 
and 

r,—-29+q,-A=0, 
where 


A=47 


r—mr—re+ge+qnt 9g’). 


But substituting herein the values r=—q+ 2q,, r, = 2q — qh, this becomes 


A= 2g" + 4qq, — 29°), =—§ 7 g, 
and then 
r=—q+29¢,+A, 
that is, 
r+3q=2(¢+qm)+A, = -He PA 
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49. We have then 


ope 
ee ee 
Be e gral 
Bisa, 
and in the same way from ¢#=- (1-7) (1-7) , we have 


3 2(a— 
thinly B {i m” S, = 
moreover we have at once 


gir _ 3g" 


CMe yeaa A 
oy ya ya’ 


Hence, writing «+ ôx, 0+ dy, z+ dz for 2, y, z, we find 


be= p= EV g 


ôy = RTE na 


dz =4 z. tere 8) 


? 


or, what is the same thing, 


ba: by : b2=4 = BEY) : p2 E E A lg 


bN ya ya? 


where æ, z denote the values at the umbilicar centre. 


Nodal curve in vicinity of real outcrop, viz. 


t= 2 Oe by? = — g ee z=0. Art. Nos. 50 to 52. 


y (a— 8B)’ y a- BY’ 
50. Write 
=- a A eh | 2 gpa + 6, 
E aig C +q, N C tanar BFT 
é= E P oto. m=—-C+6; 
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and first for the relation between q and q, writing for a moment + = Q,, and 


B 


therefore &=—c?+Q,, the equation of correspondence gives 


— 3aB (q + Qi) + (q? + 49Q: + Q’) (a — B) + 89M (9 + Q) =0, 
which, putting for Q, its value, is 


— 3a8 (9 FT +8) 


+(a—B) G + 4gq + q? + (4q + 2q) aes ta aA 


+34 fa (q + h) + (4 +24). SAt + ane it = 0; 
that is, . 
— 848 (q+ Qq) 
+ 348 (4q + 2q) + (a — B) (P + 49m + q’) 


AAA A As abe A 
+ appl ta— pit t 29h) + 84m (9 + 1) 0, 


or, what is the same thing, 


(998 +>. ony) q + 3aBu 


AA 2 + 1648 + 
+¢ [EELA + g HEEE re (0 ay} 
+ 39m (9 +m) = 9, 

or, for small values, 


9a8 
(3 + @= csi) a qı=0, that is, a aay 


51. Moreover, from the equation (c? + E} (c?+ Paphos (+m), we have 
9aBO, Ae 
——,} .6,, that is, 0, = , 
conte SER aa bag 
or, since q and q, are of the same order, 0, is of the order q. Hence, starting from 
the equations — Sya’? =(a?+£,)(a?+7,) &e, the terms of a, y arising from the 


variation of m are indefinitely small in regard to those arising from the variation 
of &; and we have 


20 Bn _ gq, CDA) 
ogy ee t B-a a)’ 
a—ẹß 
2y _ 3q bi a—B 
yo p E 82 ae 4)’ 
a+ 
a—B 
GC; VE. 44 
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and for 6z (=z) we have 


oat Mas A 7 eek Sy A Ces = gee 
sa (a=p) a, ~(a—B By? sar D 


so that writing for greater simplicity, («— 8) qı = — aßw, the formule become 


ce (62 = — 


28a 3a 
20k _ D 
x ya 
2y_ = 338 
yo TB? 
ode = C B0). 
Q3 


52. This shows that there is at the outcrop a cusp, the cuspidal tangent being 
in the plane of æy. It appears moreover that this tangent coincides with the tangent 


of the evolute. In fact, from the equation (as)? + (by)? — y? =0 of the evolute we have 


g 


or substituting for (æ, y) their values at the outcrop, 
B (y-a) dsr a(B—y) dy_ at; 
(a-p) æ y (a=b) y 
that is, 
dy _ 
By - 2) +a- 7) y 


by 
which is satisfied by the foregoing values of 2 , and Fe and the two tangents there- 


fore coincide. 


We have ! ji 6- «(8-y) 
ma? = a 
4 (Be) + (y) = a= BY cn eC 


which in virtue of 
wa(B — y) +R (y-a) +o" (a — 8) = 3aßy, 


is 


4 (BaF + ON = ape p (3a8 — c*(a— 2) 


(observe 3a8 — ¢ (a — B), = — œ (y — a) — 3aa, is negative) 


— 9mp? K 
~ @b?(a — BY 


www.rcin.org.pl 


520] ON THE CENTRO-SURFACE OF AN ELLIPSOID. 347 


if & be the value at the outcrop. Writing ôs for the element of the arc we have 


Siana i.m 


_ Caba) 
c3 ’ 
which exhibit the form at the outcrop. 


The Nodal Curve ; expressions for the coordinates in terms of a single parameter o. 
Art. Nos. 53 to 60. 


53. After the foregoing investigation of the nodal curve, I was led to perceive 
that it is possible to express £, n, £, m in terms of a single variable o, and thus to 
obtain expressions for the coordinates of a point of the nodal curve in terms of the 
single variabie o. The result was obtained by the consideration that the acnodal 
portion of the nodal curve could only arise from imaginary values of ¢, 7; the question 
thus was, what imaginary values of these quantities give real values for the coordinates 
æ, yY, 2 To make y real we may assume 


ca Here 
=— D+ p(0 + pi}, 
(i= —1 as usual): this being so, if A denote one or other of the quantities 
y, —a (=@-— b, è -— b), 
the expressions for — Bya*a*, — yab*y’ will be 


= {A—p(0— pi)} {A + p(6+ gi) }, 


and we have therefore the condition that this shall be real (for the two values A =y, 
A=-—a): being real, it will in certain cases be positive, and we shall then have real 
values for the remaining coordinates 2, z. 


54. The condition of reality is easily found to be 
A? (36 — $° + 3) — 60pA ( + $ +1) + p {3 (+ P+ 34 — p} = 


viz. this equation in A must have the roots y, —&, or the expression on the left hand 
must be 

= (36 — $’ + 3) {A> — (y — a) A — ay} : 
we have therefore 


(y-a) _ 36 (+ ¢? +1) 

—ya  (30— p+ 3) {3 (P + $+ 3 — p} 
_ 6p (P+ +1), 
3 —¢ +3” 


44—2 
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and writing + ¢?=X, 3?—¢°=Y, the first of these is 
(y—a) _ 9(X + Y)(X +1) 


—ya (¥+8){3(X?-1)+V+4+3}’ 


which regarding X, Y as the coordinates of a point in a plane is a cubic curve having 
the point X+1=0, Y+8=0 as a node: hence writing _Y+3=30(X+1), X and Y 
will be each of them a: rational function of o The second equation is 


60p (X +1) 
Y+3 


= — @, that is, panar, a 


and we have also 
20 =V +Y, 2ġ=v~3X-Y; 


the equations thus become 


sity 1508 | ge $5 ¥ 
hiner nde. ed tonite daw YG 


gi (y—a)o (X +Y) . {8K e K 
yo MEO E LE, X+Y)}’ 


which are better written in the form 


—3X +Y 

f=-¥-H(y-a) fi- yt 
SIX + YF 

n= BE (y—a)o (X4V) {1+ “Fa 4° 


where A, Y are given functions of o We in fact thus obtain an analytical expression 
of the noda] curve, quite independent of the considerations as to real and imaginary 
which suggested the process: the foregoing values substituted for £ 7 will give 
— Bya’a’, &e. equal to rational functions of ø, so that taking for &,, m the same expressions, 


only changing therein the sign of the radical Pe Reese these values of é, m give 

the very same values of — Bya’a*, &c., or the values of E, n, &, m satisfy the conditions 
(+ EP (œ +n)=(@ + E) (+m), &e. 

for a point on the nodal curve. 


55. To complete the investigation, writing as above Y+3=30(X +1), we obtain 


(y—ay (804+1)X+30-3. 


-ya ao(X+a-1) ’ 
or putting for a moment 
Oe K, 
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we have 
(Kh dam) Siig — 2) +4. 
~ gsorel1—-K ’ sh hia Saavik ’ 
_ 3Køo (c — 2) + 120 _8(¢-1) {K(e-1)+]}. 
ye | Waele K A) et che i 
(a — 1) (80 — 2) K 3 (o — 1) iK (o —2)+ 4) 


yros et oer a 


3o+1-K 3o0+1-—-K : 


or substituting for K its value we have 


K (9-2) +4=-9° 9 fe = 20 — dya | 


-- G +) (o-_=r) > 


‘ nae Oe It 
het aber ile: - fa lac ts 


if as before Q = 8? — ya; and the result is 
Oe tee 2y 
: 3 lo -+ = g — —— 
e gf eee, 
mg (c — 1) (30 — 2) fı A } G P a) G ~ y m a 
N > 


n=— b -4 (y-a) T e+ ya 


and changing the sign of the radical we have the values of &, m. 


56. Write for a moment 


o° (c — 1) (30 — 2 
apo- N14 


then in the product of these two expressions the rational part is = AA’+ BB'S; but 
from the manner in which they were arrived at we have 0=AP'+ A'B, and the 
rational part is thus 

=- F(a? BS), 
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We have 
A? — BS = ((A — a) — a8}, 
arte Der aera POTS) 5 
B'=-4 (y-a) moa (3 + 8), 
B=} (y — a) {3 (A — a} + a8} ; 
hence the rational part in question is 
(y— ay c (c —1) (80 — 2) (3+ 8) ae 
TA Doty ky. SA kapan T {(A — a)? + aS}, 


which putting therein A=0 gives the value of —-yab’y?; and putting A =y, or A=—a, 
gives the value of — Bya’a* or — agez. 


57. We have 
ar 1 E Aryan 
1 Aa es; [30 20-3 fot =z- | 
Bay 
kii. (et y 
o (3e —2) ’ 
3 Aary 
3+8 (3a — 9) E 20+ fo -2e — E) 
12 a y 
eae ii spar (gegen th 
Hence we have at once the value of 
_, (y-aF a(o—1)(8e0 —2) 
ES yab?y?, 7 4 Qo + ya . a? af (1 TU S}; 


where 
a=3(B—y)e. 


58. Moreover 
(A —a)? — aÑ = 4? — 2aA + a? (1 — S) 
5p o [80 -2) {- (y-a) Ao + AY + (y — a) o + Bay], 
where the term in [ ] is 
o? (y — a) (y — a — 3A) +o {34A? + 2 (y — a) A + 3ay} — 24, 
and since A =y or —a, that is, A? — (y — a) A—ay=0, the coefficient of o is 
=A {6A — (y — a), 


or the term is the product of two linear functions of e; and we have 


(A —a)'— aS = — y {o (y-a) — 2A} {ø (y-a —34A) + A}, 
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Similarly 
3 (A — aF + aS =3 (4A? — 2aA) + a? (3 + 8) 


= gag [80 — 2) {- (y-a) oA +A) +o (ya) 0 +a} [(y- a)a y) 
where the term in [ ] is 


(y — a) oè — (y — &) (y — a + 3A) o + {34A? + 2 (y — a) A — ay} o — 2A? 


in which the coefficient of oœ is =A {2A +3 (y—a)}, and the term is a product of 
three linear functions: hence 
3 ae aes 


3(4—a)+aS = (y —a)a— A} (y — a)cs — 2A}. 


59. Substituting these values we have the expression 


1 ig—9 e+ a(y—2) -y y- a) o — 20P (y — a 8A) +A}. 
Qo + ya \(y — a) a — A} (80 — 2) 


which writing therein A= y gives — @ya*x*, and writing A=—a gives — aßc?z?; we have 
above an expression for — yab?y? requiring only a simple reduction, and the final results 
are 
_y—a) +a {(y — a) a — 2y}? (8 — y) o + y}? 
uai (Qe + ya) (Bo — 2)? 


, _ (a —1) o’ |(y — a} + 3ay}’ 
k nae Qo +ya)(Bo—-2F ” 


oo . (y — a) o — y} {(y — a) o + 2a}? {((a— 8) o — a}? 
— aBer2 0 we olerenal(Sa = SY cies. kor 


where it is to be observed that, equating the denominator to 0, we have a triple 
root «= 0; to indicate this, we may insert in the denominator the factor (1 — 0c). 


60. We see here the meaning of all the factors, viz. 


Planes. 


Evolute nodes 


Umbilicar centres 


Outcrops 
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For the real curve o extends from [aR through 0 to -%, viz. 


a ; r 
a Ree outcrop in plane z=0, 
c= 0 ,„ umbilicar centre in plane y = 0, 


c= »  @volute-node in plane œ. 


It is to be noticed that the order of magnitude of the terms in the table is 


so that the values sae 0, =" which belong to the real curve are contiguous; this 
is as it should be. Several of the preceding investigations conducted by means of the 
quantities £, n, £, might have been conducted more simply by means of the formule 


involving ø. 


The Hight Cuspidal Conics. Art. Nos. 61 to 71. 


61. The centro-surface is the envelope of the quadric 


ax by? ct2* ssi 
TETA UE CET 17° 


Hence it has a cuspidal curve given by means of this equation and the first and 
second derived equations 


ara? + b?y? 4 Cs" i 0 
(ELEY (PER (en ee: 
ara? b2 2 C72? 


Ere EET e+e” 


which equations determine a’a*, b?y?, cz? in terms of &, viz. we have 

— By va = (a? + EY, 

— ya by = (b + EY, 

-aß che? =(c? +E); 
so that, comparing with the equations — By œa? = (a? + E) (a? +n) &c. which give the 
centro-surface, we see that for the cuspidal curve =n; or the cuspidal curve now in 


question arises from the eight lines on the ellipsoid, which lines are the envelope of 
the curves of curvature: it is clear that the curve is imaginary. 
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62. From the foregoing equations we have: 
Vaac+VB by +Vy oz =v — aBy, 
al Van + Bt Vby +4) Ve =0, 
the second of which is best written in the rationalised form 
(l, 1, 1, -1, -1, -1)(aVaaa, BVB by, y Vy cz) =0, 
and combining herewith the equation | 
Vaas +B by + Vy cz =V — aBy, 


then for any given signs of Va, VB, Vy and V—a®y the first of these equations 
represents a quadric surface, the second a plane, or the two equations together represent 
a conic. 


By changing the signs of the radicals (observing that when all the signs are 
changed simultaneously the curve is unaltered) we obtain in all 8 conics, but only 
four quadric surfaces; viz. the two conics 


Naas +VB by + Vy cz= +- aßy 


lie on the same quadric surface. 


63. The conics form two sets of four, corresponding to the two-sets of four lines 
on the ellipsoid. The analysis seems to establish a correspondence of each conic of the 
one set to a single conic of the other set; viz. the conics have been obtained in pairs 
as the intersections of the same quadric surface by a pair of planes: there is a like 
correspondence of each line of the one set to a single line of the other set, viz. the 
lines meet in pairs on the umbilici at infinity, but this correspondence is included in a 
more general property: in fact each line of the one set meets each line of the other 
set in an umbilicus; and the corresponding conics (not only meet but) touch at the 
corresponding umbilicar centre; and quà touching conics they have two points of 
intersection, and consequently lie on the same quadric surface. It is to be added that 
the two conics touch also, at the umbilicar centre, the cuspidal conic of the principal 
section. 


64. The 8 conics form two tetrads, and the principai conics (reckoning as one of 
them the conic at infinity) another tetrad: the complete cuspidal curve consists therefore 
of three tetrads of conics: with these we may form (one conic out of each tetrad) 16 
triads; viz. each conic of one tetrad is combined with each conic of either of the other 
tetrads, and with a determinate conic of the third tetrad, to form a triad. And the 
conics of each triad, not only meet but touch at an umbilicar centre, the common tangent 
being also by what precedes, the tangent of the evolute at that point, which point is 
also a node of the nodal curve. 

Vil. 45 
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65. In fact consider the two conics 
Vaas + VB by + Vy cz = V —aby, 
(1, 1, 1, —1, —1, — 1) («aVaas, + BYB by, yVy cz? = 0; 
for the intersections with the plane y=0 we have 
Vaas + Ny cz =N — aßy, 
(aVaan—yVy cz? =0; 


so that the two conics each meet the plane in question in the same two coincident 
points, that is, they each touch the plane y=0 at the same point, viz. the point given 


by the equations 5 
Vaas +Nycz=V —aB 


avaas—yNycz=0; 


Sqr Ace Vey ava i 
. this is the point, az — I=", cz = , which i f th ili 
viz. this is the point, ax Vo cz Tep which is one of the umbilicar centres 
7 5) 
'e=—-—, Cela; 
(2-5 B 


and the common tangent at this point is 
Vaas + Vy cz =N — aßy, 
which is also the common tangent of the ellipse and evolute in the plane y= 0. 


66. It has been seen that the nodal curve meets each principal conic at four 
outcrops, which points are cusps of the nodal curve: it is to be further shown that 
the nodal curve meets each of the 8 cuspidal conics in four points (giving 32 new 
points, which may be called ‘outcrops, the 16 points heretofore so called being 
distinguished as the principal outcrops or 16 outcrops, and the points now in question 
as the 32 outcrops), which points are cusps of the nodal curve. 


In fact to obtain the intersections of the nodal curve with the 8 cuspidal conics, 
we must in the equation of the nodal curve, or (what is the same thing) in the 
expressions of £, ņn in terms of o, write 7 = £. 


67. Putting for shortness, 


_ ,(y— ao (o -— 1) (30 — 2) 
ft Qe + ya , 
and as before 


we have thus 


@(1+VS)=1-VS8, 
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or, what is the same thing, 
@(1+3S8)-1+VS|@(3+8)+1}=0: 
we have without difficulty 


@(3+8)+1= QI n 1-2 {30 Gott dat g Tl, 
@(14+3 V8) — p= ao -2) (2+ 5% € s G= i 


Qo + ya 


so that the resulting equation contains the factor 


y(t) (-- 4), woe 20 — Ty 


Omitting it, the e aqnata Por becomes 


è V3 o? aye 7 
2È Vo + {30° - 6 + 40 + ee 0, 


ee and, rationalising, this is 
(y- @) 
— (oa? — 2a — M) (30 — 2) o + 3 (30° — 60? + 40 + MY = 0, 


or putting for shortness 


and, working this out, the terms in aë, o° disappear, and the result is 
(36 + 27M) ot — (64 + 36M) o° + 320° + 16M0 + 3M =0, 
or, as this may also be written, 
3M? + M (270+ — 360° + 160) + 4 (90t — 160* + 80°) = 0, 


a quartic equation in o: to each of the 4 roots there correspond 8 intersections, viz. 
there will be in all 32 intersections, lying in 4’s upon the 8 cuspidal conics. 


68. To show that these points are cusps, or stationary points on the nodal curve, 
starting from the expressions of — Pya*a* &c. in terms of o we have, first for dy, 


2dy _ 1 2 3(y—a) Q 6 | 
oe Y n lara Lon Pena aie E = s 
or, as this may be written, 
2dy agehal payee Me Bee al, 
oy A ei e +M 443M)c+M 30-2)’ 
BH te hadnt r A a ee 
T 30° — 50° +20 * (16 + 12M) o+ (16M +9M5 c + 3M)’ 


4 {(36 + 27M) o4 — (64 + 36M) ° +320? + 16Mo + 3M} 
a(o — 1) (30 — 2) (40 +3M) (4 +3M)oe +M} ’ 


viz. the numerator vanishes when œ is a root of the quartic equation. 


= do 


45—2 
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69. We have next 


Mee el 20-a) , 3-7) 9 Bl 


x 


Goaepe | (qu) osy (B-y)o+y Qo + ya 30 — 2)’ 


which, putting Pie i = B, and therefore T- fot 1, and z M =C, is 
r i deat Y 


B- 
Dae 1 2 A 3 4+ 3M 6 I. 
(oe ek Loe Un! aes (44+3M)co+M 30-2)’ 
and adding the fractions except a the numerator is 


o? (271MB + 36B — 4) 
+ o {54 (B? — B) M + 12B? — 80B + 8} 
+ 4M-— 16B: +16B, 
which, observing that B?— B= 4M, is 
= œ(21MB +36B-—4) 
+o (22M?+ 18M — 8B + 8), 
and, substituting for M and B their values, this is found to be 
E e EA operta 8 (2y +a a 


(y-a) ty oh 
_ 4 (2y +a) 2a ) 
a Ol hag 
70. Hence observing that C= pa re the whole coefficient of do is 
4 (2y + a) 2a 
‘(y — ay (a+, -a s) 3 


~ (80-2) (e + B—1) (0 — 2B) [GMF 4) c+ Mj c+0’ 
and the numerator of this expressed as a single fraction is 


4 (2y +a) 2a 
nara 7 Pe ) (y+ 4) o- y] 


+3 (30 — 2) (° — o — 4M — Bo) (3M + 4) e + M), 


which is 
=3 (80 — 2) (0? — o — 4M) (3M +4) o + M} 


o Sia (3M +4)o+M} 
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the term in [ ] is 


s e|- (27M +36) B+ 27+ Crta 


(y-a) 
+o |38 (3M +8) + Ka ta (-y+ a=) z | 


which is found to be ' 
=— 40° + o (8 + 15M + 22 M°) — 2M —3M?, 
and the whole numerator is thus 
3 (30 — 2) (° — o — 4M) [(B3M +4) o + M] 


— 40° + o° (8 4 15M + 22 M?) + o (— 2M — 3M), 
which is 
=(36 + 27M) ot — (64 + 36M) oœ + 320° + 16 Mo + 3M”. 


71. We have thus 
_ 2de _ go (86 + 27M) of — (64 + 36M) o + 320° +16Mo +3M° 
z a(o —1)(80 ~ 2) (40+ 3M) (4+ 3M) o +M) (o +77) 


and thence also 


_ 2de _ go — 86 + 27M) ot — (64 + 36M) aè + 320° + 16Mo + 3M? 
z a (o — 1) (3a — 2) (40 + 3M) (4+ 3M) o + M) (o — =) 


so that dæ and dz also vanish when o is a root of the quartic equation: the points 
in question are therefore cusps of the nodal curve. 


Centro-surface as the envelope of the quadric Yaa? (a° + &)*=1. Art. Nos. 72 to 76, 


72. The equations — Bya’x* = (a? + E} (a° +n), &c. considering therein E, y as variable 
give the centro-surface; considering y as a given constant but & as variable they give 
the sequential centro-curve; and considering £ as a given constant but 7 as variable 
they give the concomitant centro-curve. 


73. Suppose first that » is a given constant; to eliminate £ we may write the 
equations in the form 


— (By)? (ax)? (a+ n) * = (a? + E), &e, 


and then multiplying first by a(a?+n), &c. and adding, and secondly by a, &c., and 
adding (observing that Xa(a? + £) (a° + n) =—aßy, Za(a? + E)=0); we have 


S (aas)? (a° +q} = (By), 
X (aax)? (a? + n)™*=0, 


which equations, considering therein y as a given constant, are the equations of a 
sequential centro-curve, 
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If from the two equations we eliminate » we should have the equation of the 
centro-surface; the second equation is the derivative of the first in regard to 9; and 
it thus appears that the equation of the centro-surface might be obtained by equating 
to zero the discriminant of the rationalised function 


norm, [{% (aua)? (a*-+-9)*} —(aBy)"); 
but the form is too inconvenient to be of any use. 
74. Taking next £ as a given constant, and writing the equations in the form 
— Byaa? (a? + Ẹ)*= (a? +n), &e.; 


then multiplying by a(a*+&), &c. and adding, and again multiplying by a, &c. and 
adding, we have 
Zar (a? + E = 1, 
Lata? (a? + Ey? =0; 
or writing these equations at full length, 
aa? by? cs" 


(HE CHE EFE 

ee, ee a 

(@+ EP (+ EP (+ EP 
which equations, considering therein £ as a constant, are the equations of any con- 
comitant centro-curve: since the equations are each of the second order it thus appears 
that the concomitant centro-curves are quadriquadrics. 


1=0, 


75. If from the two equations we eliminate £, we have the equation of the 
centro-surface; the second equation is the derivative of the first in regard to £; and 
it thus appears that the equation of the centro-surface is obtained by equating to 
zero the discriminant in regard to & of the integralised function 


(a? + EF (UF + EP (C + EP (Zaa (a + E° — 1), 
or, what is the same thing, the discriminant of the sextic function 
(a + E) (+ EP (C + OF Sare (© + EY (C+ EY. 
76. If instead hereof we consider the homogeneous function 
w (a? + EP (+ EP (2 + E) — Zaa? (b + EY (° + EF, 


then the coefficients are of the second order in (#, y, 2, w), and the discriminant, being 
of the tenth order in the coefficients, is of the order 20 in (a, y, z, w). But the 


t 2 
sextic function has a twofold factor (1 + =) if w*=0, and it has evidently a twofold 
factor if a=0 or y*=0 or 2=0, that is, the discriminant contains the factor x*y*z*w*; 
or, omitting this factor, it will be of the order 12 in (a, y, z, w); whence writing 
w=1, the centro-surface is of the order 12. I have in this manner actually obtained 
the equation of the centro-surface: see the memoir “On a certain Sextic Torse,” 


Camb. Phil. Trans. t. x1. (1871), pp. 507—523, [436]. 
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Another generation of the Centro-surface. Art. Nos. 77 to 83. 


77. By what precedes, the equation of the centro-surface is obtained as the 
condition in order that the equation 


{aa (a? + E} -1=0 


may have two equal roots. But taking m an arbitrary constant, this is the derived 


equation of 
(Zare (a? + E} + E+ m=0, 


and as such it will have two equal roots if the last-mentioned equation has three 
equal roots; and conversely, we have thus the equation of the centro-surface by 
expressing that the last-mentioned equation, or, what is the same thing, the quartic 
equation 


(Etm) (E+ a) (E40) (E+ e) Saat (E40) (E+) =0 


has three equal roots. The conditions for this are that the quadrinvariant and the 
cubinvariant shall each of them vanish; the two invariants are respectively a quadric 
and a cubic function of m; viz. the equations are 


(a, b, c)(m, 12=0, (a’, b’, c, d’)(m, 1)*=0; 


where the degrees in (a, y, z) of a, b, c are 0, 2, 4 and those of a’, b’, c’, d’ are 
0, 2, 4, 6 respectively: the equation of the centro-surface then is 


a, bye E 


~ .2,' £6 
‘, v0, E 
an DCs. 0 


a’, b’, Č, d’ 


which is of the right order 12; but it would be difficult to obtain thereby the 
developed equation. 


78. For the nodal curve the cubic equation must be satisfied by each root of 
the quadric equation, or, what is the same thing, the quadric function must completely 
divide the cubic function; the conditions are 


&. 0,.° ¢ 1 =o 
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and the order of the nodal curve is thus =24: two of the equations in fact are 


a,b |=0, | b,c. [= 9, 
Bah nOente a, G 
P T WE a Ca ds} 


which are surfaces of the orders 4, 6; or the nodal curve is a complete intersection 
4x6. By the results above obtained as to the nodal curve, it appears that the two 
surfaces must have an ordinary contact at each of the 16 umbilicar centres, and a 
stationary or singular contact at each of 48 outcrops. 


79. The derivation of the centro-surface from the surface 

aa? Paea ipon- cist 

@+et B+E +E 

requires to be further explained. The surface, say V=0, is a quadric surface depending 


on the two parameters £, m; the axes coincide in direction with those of the ellipsoid, 
and their relative magnitudes are as 


+&—m=0 


rye ey ero 
zva +E: gvb +É: =No +é, 
viz. these are as the axes of the confocal surface 


¥ ae 
rang B+ TE ET = nf ~ 0 
divided by a, b, c respectively; to fix the absolute magnitudes observe that the 
equation may be written 


a 2 2 
nd Baidu (Ce ak ES SOF 1) =0, 


viz. the surface V=0 is a surface through the spheroconic which is the intersection 
of the confocal surface by the arbitrary sphere 2*°+y?+2—m=0; but, while the 
surface is hereby and by the preceding condition as to the axes completely determined, 
the geometrical significance is anything but clear. 


80. Considering then the quadric surface V=0, depending on the parameters £, m ; 
suppose that m remains constant while £ alone varies; we have thus three consecutive 
surfaces V=0, V’=0, V” =0; and these I say intersect in a point of the centro-surface ; 
the point in question will depend on the two parameters (£, m), and if these vary 
simultaneously we have the whole system of points on the centro-surface; but if only 
one of them varies, the other being constant, we have a curve on the centro-surface. 


The three equations may be replaced by V=0, 6:V=0, èV =0; of which the first 
alone contains m; and it thus appears that if m be the variable parameter, the equations 
of the curve are 6:V=0, 6°V=0, viz. the curve is then the quadriquadric curve which 
is the concomitant centro-curve of the curve of curvature for the parameter & But if 
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the variable parameter be & then this is a curve on the 12-thic surface Q = 0 obtained 
by the elimination of £ from the equations V=0, 6:V=0; viz. we have Q =S*—7?=0, 
where S=(a, b, c)(m, 1), T=(a’, b’, ec’, d’)(m, 1), and the curve in question is the 
curve S=0, T=0, which is the cuspidal curve on the surface 2=0; the elimination 
of m from the two equations S=0, T'=0 gives as above the equation of the centro- 
surface. 


81. The surface Q =S*—7T?=0 obtained as above by the elimination of & from the 
equations V = 0, èV =0, (or, what is the same thing, by equating to zero the discriminant 
of V in regard to &) may be termed the’ sociate-surface: we have then the quartic 
and sextic surfaces S=0, T=0 intersecting in the before-mentioned curve, which may 
be called the sociate-edge ; and the locus of these sociate-edges is the centro-surface. 


82. We may.if we please, changing the parameter in one of the functions, consider 
the two series of surfaces S=0, T=0 depending on the parameters m, m’ respectively ; 
a surface of the first series will correspond to one of the second series when the 
parameters are equal, m=m’, and we have then a sociate-edge. Taking a point 
anywhere in space, through this point there pass two surfaces S=0, and three surfaces 
T=0; but there is no pair of corresponding surfaces, or sociate-edge. If :however the 
point be taken anywhere on the centro-surface, then there is a pair of corresponding 
surfaces S=0, 7 =0; that is, through each point of the centro-surface there passes a 
single sociate-edge; and if the point be taken anywhere on the nodal curve of the 
centro-surface, then there are two pairs of corresponding surfaces; that is, through each 
point of the nodal curve there are two sociate-edges: this explains the method above 
made use of for finding the equations of the nodal curve, by giving to the equations 
S=0, T=0, considered as equations in m, two equal roots. 


83. The & posteriori verification that the surfaces V=0, V’=0, V” =0 intersect in 
a point of the centro-surface, is not without interest; the parameters é, m of the point 
of intersection are found to be &=&, 7,=m—a*?—b?—c?—3£; whence in the equation 
V=0, writing — Byes = (aœ + E&P (+m) and m=a?+?+C+3F,+m, the resulting 
equation considered as an equation in ¢ should have three roots = &: the fourth 


root is at once seen to be €=, and we ought therefore to have identically 
fay 2 oy 
EA ET ee) &e. + aBry (E — 3&, —m—-a— be — c) 


_ aby (E-&(E-m) | 
(a? + E) (0 + E (c+ &)’ 


and by decomposing the right-hand side into its component fractions this is at once 
seen to be true. 


Third generation of the Centro-surface. Art. Nos. 84 and 85. 


84. Instead of the foregoing equation V=0, consider the equation 
si / ara? b?y? c2g? aa? by? C22? )= 
W=\aye ete+et oper § ne aaa = (0), 
Cc. VIIL 46 
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The equations dW =0, d?W=0 contain only &, and are in fact identically the same as 
the equations d;V=0, dV =0; the elimination of £ from the equations d;sV=0, d?W=0 
would therefore lead to the equation of the centro-surface: and the centro-surface is 
connected with the surfaces W=0, dW =0, d*?W=0 and the parameters £, ņ in the 
same way as it is with the surfaces V=0, d;V=0, d?V=0 and the parameters £, m. 
That is, if from the equations W=0, d;W=0 we eliminate & we have a surface Q =0, 
depending upon » and having a cuspidal curve; and the locus of the cuspidal curve 
{as varies) is the centro-surface. But the equation W=0 divides by &—7, and 
throwing out this factor it becomes 


OP. ADOC OI Lo 5 TE, 
(V+ Eleta) (BHEO) (P+F)(C+7) 


so that the surface Q=0 is obtained by eliminating & from this equation and the 
derived equation in regard to £; or, what is the same thing, by equating to zero the 
discriminant in regard to & of the cubic function 


HPAC- E IT CDC 


This surface is in fact the torse generated by the normals at the several points of the 
curve of curvature belonging to the parameter 7; the cuspidal curve is the edge of 
regression of this torse, that is, it is the sequential centro-curve of the curve of 
curvature; and we thus fall back upon the original investigation for the centro-surface. 


85. In verification I remark that if X, Y, Z be the coordinates of a point on the 
curve of curvature in question, and (æ, y, z) current coordinates, then the tangent plane 
of the torse, or plane through the normal and the tangent of the curve of curvature, 


has for its equation 
Ke +; Yy + Zz 
e+n BP+yn +n 


—1=0, 


and if in this equation we consider the point (X, Y, Z) to be the point belonging to 
the parameters (n, £), viz. if we have — Py X*?=a*(a?+ &)(a?+ n), &, then this plane 
will be always touched by the before-mentioned ellipsoid, 
niten Obs. an) ping WEWhidar BEE 2 Lab lied =] 
(æ+ Elan) HEHn) (E+E) © 
The condition for the contact in fact is 
X (@+H(e+n)_, 
(a? +7) a Eo 
viz. substituting for (X, Y, Z) their values, this is 


1 2 _ 
iT. Perig + &) =]1, 


which is true. And this being so, the ellipsoid and the plane have each the same 
envelope, viz. this is the torse in question. 
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Reciprocal Surface. Art. No. 86. 
86. The centro-surface is the envelope of 
Se Se: 
(a+ E +E (+ EP 
hence the reciprocal surface in regard to the sphere æ +y +2- k?’=0 is the 
envelope of 


—1=0; 


(+E ya CHE yp, CHE A _ pio, 
a? b? a 
that is, 
eX +Y + e2- bane (hs P42) + E(t 


viz. the envelope is 


een 


a rip i 2 


ŒX EY +02 lk) (G4 p t G)- A+ V+ 2 =0, 


or, expanding and multiplying by abe, this is 

a? (b + ey Yez: + b2 (e a a? BX? + Ce (a? 2 by X: yY: 

— iA (Bc? X + ea Y? + ah? 2) =0, 

or, what is the same thing, 

aa? Y°Z? + bR Z2X* + cy? X* VY? — kt (be X* + ca? Y? ab Z*) = 0, 
which may be written 

a? Y2 Z2 e b? 7X? 4 eX? ye a. f2X2 + g y2 4 h? J2 = 
where 
(a, b, c, f, g, h)=(aa, bB, cy, 2k*bc, 2k*ca, 2k*ab), 


and consequently, 
af+ bg + ch = 2kabe (a +B + y) = 0. 


It would doubtless be interesting to discuss this surface as it here presents itself, 
and with reference to its geometrical signification as the locus of the pole, in regard 
to the sphere, of the plane through two intersecting consecutive normals of the 
ellipsoid: but I abstain from any consideration of the question. 


Delineation of the centro-surfuce for given numerical values of the semiames. 
Art. Nos. 87 and 88, 


87. I constructed on a large scale a drawing of the centro-surface for the values 
d= 50; &=25,- ce =15. 


(These were chosen so that a, b, c should have approximately the integer values 7, 5, 4, 
and that a?+c* should be well greater than 2b?; they give a good form of surface, 


46—2 


www.rcin.org.pl 


364 *ON THE CENTRO-SURFACE OF AN ELLIPSOID. [520 


though perhaps a better selection might have been made; there is a slight objection 
to the existence of the relation a*=2b?, as in the wxy-section it brings a cusp of the 
evolute on the ellipse.) We have therefore 


a=10, B=- 35, y = 25; 


the ellipses in the principal planes of the centro-surface are 


Yat ee na 
(sy * ITP” 
Pu. + pee = 1 
(23827 | (3535F ” 
&? 4? a 
aot (yp Th 


and these determine on each axis the two points which are the cusps of the evolutes. 
We have moreover for the umbilicar centre æ= 2988, y=0, z= 1'380, and for the 
outcrop æ = 1:127; y=1°947, z=0. 


88. For the delineation of the nodal curve (crunodal portion) we have first to find 
the values of &, &; these are given in terms of x, y ante No. 33 [p. 334], where y is 
a given function of x, and x extends between the values {— b? and — 4 (œ? + b +c*)} — 25 
and — 263. It was thought sufficient to divide the interval into 6 equal parts, that is, 
the values of æ were taken to be — 25, —25°3, ...—26°6. The values of & &, being 
found, those of , m were obtained from them by means of the original equations 
(a? + EF (a? + n) =(a? + &) (a2? + n) &c. viz. we have thus for the determination of n, y 
three simple equations, affording a verification of each other. 


For the performance of these calculations (viz. of the values of y, & &, n, m) I 
am indebted to the kindness of Mr J. W. L. Glaisher, of Trinity College. The results 
being obtained it is then easy to calculate as well the coordinates (æ, y, z) of the 
point on the nodal curve as also the coordinates (X, Y, Z) and (X,, Yı, Z,) of the 
corresponding two points on the ellipsoid (these last are of course not required for 
the delineation of the nodal curve, but it was interesting to obtain them). The 
whole series of the results is given in the annexed Table, and from them the drawing 
was constructed. 


I find also in the neighbourhood of the umbilicar centre (if &=— 25 + q), 
Su = 02868 g?, 
Sy = + 02484 g’, 
6z= ‘02191 g?, 
and in the neighbourhood of the outcrop (if & = — 38333 + 32 ©), 

da= 1:127 a, 

dy = — 1:704 a, 

8c = + 4582 w. 
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x y é é n M x y z x Y Z Marans 4, 


— 25 0: — 25° — 25: — 25° — 25° 2-988 | 0° 1:380 | 5:326 | 0° 2:070 || 5:326 
-25$ | 42669 || — 21:0664 | — 29-6002 | — 38*3193 |- 16:6728 || 2:543 | 0°360 | 0:996 || 4:394 | 2-289 | 2:491 || 6-233 
~25°6 | 6:3191 ||- 19°3475 | — 31:9858 | — 42-9911 |- 15:4693 || 2°148 | 0°721 | 0:662 || 3-504 | 3:189 | 2-283 || 5-956 
- 26° 8:1240 || — 17°8760 | — 34:1240 | — 45-7879 |- 15:1047 || 1°786 | 1:175 | 0°373 || 2-780 | 3:847 | 1-948 || 5:626 
~26°3 | 9:8760 || — 16:4573 | — 36-2094 | — 47-5684 | — 15-0106 || 1-448 | 1:500 | 0°139 || 2°159 | 4-391 | 1-426 || 5-251 


~26°6 | 11-6667 || — 15-0000 | — 38-3333 | — 48-7037 | — 15-0000 || 1:127 | 1-947 | 0- 1:610 | 4:869 | 0- 4°829 


The calculations were performed before I had obtained the formule in o, which 
would have given the results more easily. 
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